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An infinite family of congruences for 1-shell totally
symmetric plane partitions
Shane Chern
Dedicated to Professor George E. Andrews on the occasion of his 80th birthday.
Abstract. Let s(n) denote the number of 1-shell totally symmetric plane partitions of
n. In this paper, we prove an infinite family of congruences modulo powers of 5 for s(n).
Namely,
s
(
2 · 52α−1n+ 52α−1
)
≡ 0 (mod 5α).
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1. Introduction
A plane partition is a two-dimensional array of integers pii,j that are weakly decreas-
ing in both indices and that add up to the given number n, namely, pii,j ≥ pii+1,j ,
pii,j ≥ pii,j+1, and
∑
pii,j = n. One special case of plane partitions is called totally
symmetric plane partitions (TSPPs), which are invariant under any permutation
of the three axes; see Andrews et al. [1] and Stembridge [9]. Blecher [3] further
restricted a totally symmetric plane partition to have a self-conjugate first row/col-
umn (as an ordinary partition) and all other entries being 1, and named it a 1-shell
totally symmetric plane partition. For instance,
4 4 2 2
4 1 1 1
2 1
2 1
is a 1-shell totally symmetric plane partition.
Let s(n) denote the number of 1-shell totally symmetric plane partitions of n.
Blecher [3] obtained the following generating function identity
∑
n≥0
s(n)qn = 1 +
∑
n≥1
q3n−2
n−2∏
i=0
(
1 + q6i+3
)
. (1.1)
In [6], Hirschhorn and Sellers further proved that s(n) = 0 if n ≡ 0, 2 (mod 3) for
all n ≥ 1. They also showed that for n ≥ 0,
s(6n+ 1) = g(n), (1.2)
where g(n) is defined by ∑
n≥0
g(n)qn =
(q2; q2)3∞
(q; q)2∞
. (1.3)
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Here we adopt the standard notation
(a; q)∞ :=
∏
n≥0
(1− aqn).
Many authors studied the arithmetic properties of s(n); see [4, 6, 11, 12]. For
congruences modulo powers of 5, we have
s(10n+ 5) ≡ 0 (mod 5), (Hirschhorn & Sellers)
s(250n+ 125) ≡ 0 (mod 25), (Xia)
s(1250n+ 125, 1125) ≡ 0 (mod 125). (Chern)
Hence, it is natural to expect an infinite family of congruences modulo powers of 5.
In this paper, along with other separate congruences, we shall settle this problem.
Theorem 1.1. For all integers α ≥ 1 and n ≥ 0, we have
s
(
2 · 52α−1n+ 52α−1
)
≡ 0 (mod 5α). (1.4)
Note that we may respectively take α = 1 and 2 to obtain the congruences
of Hirschhorn & Sellers, and Xia. To obatin the two modulo 125 congruences
established by the author, we only need one more step of 5-dissection. This will be
discussed in Sect. 4.
Our main idea is motivated by the work of Gordon and Hughes [5], whose idea
originates from Watson’s celebrated proof [10] of Ramanujan’s congruences for par-
tition functions modulo powers of 5. The interested reads may refer to [5] for
function-theoretic details.
2. The fundamental relations
2.1. Modular form terminology. Let H be the upper half complex plane, and
put H∗ := H ∪ Q ∪ {i∞}. For any positive integer N , let Γ0(N) be the Hecke
congruence subgroup of level N defined by
Γ0(N) :=
{(
a b
c d
)
∈ SL2(Z) : c ≡ 0 (mod N)
}
.
Let R0(N) = H
∗ mod Γ0(N) be the Riemann surface of Γ0(N). Let K0(N) be the
field of meromorphic functions on R0(N).
Let q := exp(2piiτ). The Dedekind eta function is defined by
η(τ) := q1/24(q; q)∞, τ ∈ H.
For notational convenience, we write E(q) := (q; q)∞.
If f(τ) ∈ K0(N) has the Fourier expansion
f(τ) =
∑
n≥n0
anq
n,
we define the U -operator
U(f) =
∑
5n≥n0
a5nq
n.
It is a standard result (cf. [5, p. 336]) that if f ∈ K0(50), then U(f) ∈ K0(10).
We now put
ξ = ξ(τ) :=
η(2τ)3η(25τ)2
η(τ)2η(50τ)3
= q−4
E(q2)3E(q25)2
E(q)2E(q50)3
,
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X = X(τ) :=
η(2τ)2η(5τ)4
η(τ)4η(10τ)2
=
E(q2)2E(q5)4
E(q)4E(q10)2
.
It follows from Newman [8] that ξ ∈ K0(50) and X ∈ K0(10).
2.2. The fundamental relations. We define the following two matrices (for all
matrices defined here and below, we sometimes use m(i, j) to denote mi,j):
(1). The first five rows of (ai,j)i≥1, j≥1 and (bi,j)i≥1, j≥1 are given in Appendix A;
(2). For i ≥ 6, both matrices satisfy the following recurrence relation (here m
stands for a matrix):
m(i, j) =55m(i− 1, j − 1)− 300m(i− 1, j − 2) + 875m(i− 1, j − 3)
− 1250m(i− 1, j − 4) + 625m(i− 1, j − 5)
− 60m(i− 2, j − 1) + 175m(i− 2, j − 2)− 250m(i− 2, j − 3)
+ 125m(i− 2, j − 4)
+ 35m(i− 3, j − 1)− 50m(i− 3, j − 2) + 25m(i− 3, j − 3)
− 10m(i− 4, j − 1) + 5m(i− 4, j − 2)
+m(i− 5, j − 1).
For unspecified and undefined entries in a matrix, we assume their values to be
0.
Theorem 2.1. For i ≥ 1, we have
U(X i) =
∑
j≥1
a(i, j)Xj, (2.1)
U(ξX i) =
∑
j≥1
b(i, j)Xj. (2.2)
Proof. We first note that for any integer i, X i is in K0(10), and is hence in K0(50).
It follows that U(X i) and U(ξX i) are in K0(10). We therefore may verify the cases
1 ≤ i ≤ 5 by comparing the Fourier expansions of both sides of (2.1) and (2.2),
which is done with the aid of Mathematica.
We next prove (2.1) and (2.2) for i ≥ 6.
For any integer i, we have
5U(X i) =
5∑
t=1
X
(
τ + t
5
)i
.
Hence for t = 1, . . . , 5, we put
xt = X
(
τ + t
5
)
,
and σt the t-th elementary symmetric function of x1, . . . , x5, that is,
σt =
∑
1≤k1<k2<···<kt≤5
xk1xk2 · · ·xkt .
For i ≥ 1, we further let
pi =
5∑
t=1
xit = 5U(X
i).
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Note that pi is obtained above for i = 1, . . . , 5. It follows from Newton’s identities
(cf. [7]) that
σ1 = p1
= 55X − 300X2 + 875X3 − 1250X4 + 625X5,
σ2 = (σ1p1 − p2)/2
= 60X − 175X2 + 250X3 − 125X4
σ3 = (σ2p1 − σ1p2 + p3)/3
= 35X − 50X2 + 25X3
σ4 = (σ3p1 − σ2p2 + σ1p3 − p4)/4
= 10X − 5X2
σ5 = (σ4p1 − σ3p2 + σ2p3 − σ1p4 + p5)/5
= X.
Let u(τ) ∈ K0(50). We put ut = u
(
τ+t
5
)
for t = 1, . . . , 5. Since each xt
(t = 1, . . . , 5) satisfies
x5t − σ1x
4
t + σ2x
3
t − σ3x
2
t + σ4xt − σ5 = 0,
we conclude, for i ≥ 6,
5U(uX i) =
5∑
t=1
utx
i
t =
5∑
t=1
ut(σ1x
i−1
t − σ2x
i−2
t + σ3x
i−3
t − σ4x
i−4
t + σ5x
i−5
t )
= 5U(uX i−1)σ1 − 5U(uX
i−2)σ2 + 5U(uX
i−3)σ3
− 5U(uX i−4)σ4 + 5U(uX
i−5)σ5.
At last, (2.1) and (2.2) follow directly by taking u = 1 and u = ξ, respectively.

Let D1 = U(ξ). For α ≥ 1, we recursively define D2α = U(D2α−1) and D2α+1 =
U(ξD2α).
Now we define a family of sequences (dα)α≥1 with d1 being
(51 · 1, 0, 0, . . .),
and the remaining sequences being recursively defined for α ≥ 2 by
dα(j) =
{∑
k≥1 a(k, j)dα−1(k) if α is even,∑
k≥1 b(k, j)dα−1(k) if α is odd.
Here we write the j-th element in dα as dα(j).
On the other hand, it is easy to see that the two infinite matrices (ai,j) and (bi,j)
are row and column finite. We now define (ti,j)i≥1, j≥1 by
ti,j =
∑
k≥1
ai,kbk,j .
We remark that this sum is in fact a finite sum. From the recurrence relation for
dα, one has, for α ≥ 1,
d2α+1(j) =
∑
i≥1
t(i, j)d2α−1(i).
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We now prove
Theorem 2.2. For α ≥ 1, we have
Dα =
∑
j≥1
dα(j)X
j , (2.3)
Proof. By comparing the Fourier expansions, we have
U(ξ) = 5X.
This proves the case α = 1.
We now assume that the theorem holds for some odd positive integer 2α − 1.
Then it follows that
D2α = U(D2α−1) = U

∑
k≥1
d2α−1(k)X
k

 =∑
k≥1
d2α−1(k)U(X
k)
=
∑
k≥1
d2α−1(k)
∑
j≥1
a(k, j)Xj =
∑
j≥1

∑
k≥1
a(k, j)d2α−1(k)

Xj ,
and
D2α+1 = U(ξD2α) = U

∑
k≥1
d2α(k)ξX
k

 =∑
k≥1
d2α(k)U(ξX
k)
=
∑
k≥1
d2α(k)
∑
j≥1
b(k, j)Xj =
∑
j≥1

∑
k≥1
b(k, j)d2α(k)

Xj.
We therefore arrive at the desired result by induction. 
Recall that ∑
n≥0
g(n)qn =
E(q2)3
E(q)2
.
Theorem 2.3. For α ≥ 1, we have∑
n≥0
g
(
52α−1n+
52α − 1
6
)
qn =
E(q10)3
E(q5)2
D2α−1, (2.4)
∑
n≥0
g
(
52αn+
52α − 1
6
)
qn =
E(q2)3
E(q)2
D2α. (2.5)
Proof. We first have
D1 = U(ξ) = U
(
q−4
E(q2)3E(q25)2
E(q)2E(q50)3
)
= U

E(q25)2
E(q50)3
∑
n≥0
g(n)qn−4


=
E(q5)2
E(q10)3
∑
n≥0
g(5n+ 4)qn.
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Now assume that the theorem is valid for some odd positive integer 2α−1. Then
we have
D2α−1 =
E(q5)2
E(q10)3
∑
n≥0
g
(
52α−1n+
52α − 1
6
)
qn.
Applying the U -operator to both sides of the above identity, it follows that
D2α =
E(q)2
E(q2)3
U

∑
n≥0
g
(
52α−1n+
52α − 1
6
)
qn


=
E(q)2
E(q2)3
∑
n≥0
g
(
52αn+
52α − 1
6
)
qn.
To complete the second half of the proof, we multiply by ξ on both sides of the
above identity and apply the U -operator. Then
D2α+1 = U

E(q25)2
E(q50)3
∑
n≥0
g
(
52αn+
52α − 1
6
)
qn−4


=
E(q5)2
E(q10)3
∑
n≥0
g
(
52α(5n+ 4) +
52α − 1
6
)
qn
=
E(q5)2
E(q10)3
∑
n≥0
g
(
52α+1n+
52α+2 − 1
6
)
qn.
The desired result therefore holds. 
3. The 5-adic orders
For any integer n, let pi(n) be the 5-adic order of n with the convention that
pi(0) =∞. Let ⌊x⌋ be the largest integer not exceeding x.
3.1. Matrices (ai,j) and (bi,j). We now determine the 5-adic orders of (ai,j)
and (bi,j).
Theorem 3.1. For i and j ≥ 1, we have
pi(a(i, j)) ≥
⌊
5j − i− 1
6
⌋
, (3.1)
pi(b(i, j)) ≥
⌊
5j − i+ 2
6
⌋
. (3.2)
Proof. Since the first five rows of (ai,j) are given, one may directly check (3.1) for
1 ≤ i ≤ 5. Assume that (3.1) holds for 1, . . . , i − 1 with some i ≥ 6. We have (for
some undefined entries like a(i, 0), since we assign its value to be 0, its 5-adic order
is therefore ∞)
pi(a(i − 1, j − 1)) + 1 ≥
⌊
5(j − 1)− (i − 1)− 1
6
⌋
+ 1 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 1, j − 2)) + 2 ≥
⌊
5(j − 2)− (i − 1)− 1
6
⌋
+ 2 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 1, j − 3)) + 3 ≥
⌊
5(j − 3)− (i − 1)− 1
6
⌋
+ 3 ≥
⌊
5j − i− 1
6
⌋
,
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pi(a(i − 1, j − 4)) + 4 ≥
⌊
5(j − 4)− (i − 1)− 1
6
⌋
+ 4 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 1, j − 5)) + 4 ≥
⌊
5(j − 5)− (i − 1)− 1
6
⌋
+ 4 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 2, j − 1)) + 1 ≥
⌊
5(j − 1)− (i − 2)− 1
6
⌋
+ 1 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 2, j − 2)) + 2 ≥
⌊
5(j − 2)− (i − 2)− 1
6
⌋
+ 2 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 2, j − 3)) + 3 ≥
⌊
5(j − 3)− (i − 2)− 1
6
⌋
+ 3 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 2, j − 4)) + 3 ≥
⌊
5(j − 4)− (i − 2)− 1
6
⌋
+ 3 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 3, j − 1)) + 1 ≥
⌊
5(j − 1)− (i − 3)− 1
6
⌋
+ 1 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 3, j − 2)) + 2 ≥
⌊
5(j − 2)− (i − 3)− 1
6
⌋
+ 2 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 3, j − 3)) + 2 ≥
⌊
5(j − 3)− (i − 3)− 1
6
⌋
+ 2 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 4, j − 1)) + 1 ≥
⌊
5(j − 1)− (i − 4)− 1
6
⌋
+ 1 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 4, j − 2)) + 1 ≥
⌊
5(j − 2)− (i − 4)− 1
6
⌋
+ 1 ≥
⌊
5j − i− 1
6
⌋
,
pi(a(i − 5, j − 1)) + 0 ≥
⌊
5(j − 1)− (i − 5)− 1
6
⌋
+ 0 ≥
⌊
5j − i− 1
6
⌋
.
It follows from the recurrence relation of (ai,j) that pi(a(i, j)) is at least the mini-
mum of the l.h.s. of the above 15 inequalities. We therefore finish the proof of (3.1)
by induction.
Note that (bi,j) shares the same recurrence relation with (ai,j). The proof of
(3.2) is analogous to that of (3.1), and hence is omitted. 
From the definition of (ti,j), we have
pi(t(i, j)) ≥ min
k≥1
{pi(a(i, k)) + pi(b(k, j))} ≥ min
k≥1
{⌊
5k − i − 1
6
⌋
+
⌊
5j − k + 2
6
⌋}
.
(3.3)
3.2. Sequences d2α−1. We next study the 5-adic order of d2α−1(j) for α and
j ≥ 1.
Theorem 3.2. For α and j ≥ 1, we have
pi(d2α−1(j)) ≥ α+
⌊
5j − 5
6
⌋
. (3.4)
Proof. It follows from d1 = (5, 0, 0, . . .) that (3.4) is valid for α = 1. We assume
that the theorem holds for some positive α. We shall show
pi(d2α+1(j)) ≥ α+ 1 +
⌊
5j − 5
6
⌋
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for all j ≥ 1 and therefore conclude the validity of the theorem by induction.
Note that for α ≥ 1, we have
d2α+1(j) =
∑
i≥1
t(i, j)d2α−1(i).
Hence
pi(d2α+1(j)) ≥ min
i≥1
{pi(d2α−1(i)) + pi(t(i, j))} .
It follows from (3.3) that
pi(d2α−1(i)) + pi(t(i, j)) ≥ α+
⌊
5i− 5
6
⌋
+min
k≥1
{⌊
5k − i− 1
6
⌋
+
⌊
5j − k + 2
6
⌋}
≥ α+
⌊
5i− 5
6
⌋
+min
k≥1
{⌊
5j − i+ 4k − 5
6
⌋}
= α+
⌊
5i− 5
6
⌋
+
⌊
5j − i− 1
6
⌋
≥ α+ 1 +
⌊
5j − 5
6
⌋
+
⌊
4i− 13
6
⌋
.
Note that 4i−13 > 0 for i ≥ 4. Hence we only need to examine the cases 1 ≤ i ≤ 3.
For i = 3, we have
pi(d2α−1(3)) + pi(t(3, j)) ≥ α+ 1 +min
k≥1
{⌊
5k − 3− 1
6
⌋
+
⌊
5j − k + 2
6
⌋}
≥ α+ 1 +
⌊
5j − 4
6
⌋
≥ α+ 1 +
⌊
5j − 5
6
⌋
.
For i = 1, 2, we have
pi(d2α−1(i)) + pi(t(i, j)) ≥ α+min
k≥1
{⌊
5k − i− 1
6
⌋
+
⌊
5j − k + 2
6
⌋}
.
Furthermore,
⌊
5k − i− 1
6
⌋
+
⌊
5j − k + 2
6
⌋
≥
{⌊
5j+1
6
⌋
if k = 1⌊
5j+4k−7
6
⌋
if k ≥ 2
≥
⌊
5j − 5
6
⌋
+ 1.
We therefore have, for all j ≥ 1,
pi(d2α+1(j)) ≥ α+ 1 +
⌊
5j − 5
6
⌋
.

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4. Congruences for 1-shell TSPPs
4.1. Proof of the main theorem. Now we are ready to prove Theorem 1.1. By
Theorems 2.2 and 2.3 along with the 5-adic order of d2α−1(j), we have∑
n≥0
g
(
52α−1n+
52α − 1
6
)
qn =
E(q10)3
E(q5)2
D2α−1
=
E(q10)3
E(q5)2
∑
j≥1
d2α−1(j)X
j
≡ 0 (mod 5α).
This immediately tells us
Theorem 4.1. For all integers α ≥ 1 and n ≥ 0, we have
g
(
52α−1n+
52α − 1
6
)
≡ 0 (mod 5α). (4.1)
It follows from (1.2) that
s
(
6 · 52α−1n+ 52α
)
= s
(
6
(
52α−1n+
52α − 1
6
)
+ 1
)
= g
(
52α−1n+
52α − 1
6
)
≡ 0 (mod 5α).
To show
s
(
2 · 52α−1n+ 52α−1
)
≡ 0 (mod 5α),
we first notice that s(2 · 52α−1(3n) + 52α−1) = s(6 · 52α−1n + 52α−1) = 0 since
6 · 52α−1n+ 52α−1 ≡ 2 (mod 3) and s(2 · 52α−1(3n+ 1) + 52α−1) = s(6 · 52α−1n+
3 · 52α−1) = 0 since 6 · 52α−1n + 3 · 52α−1 ≡ 0 (mod 3). Hence, we only need to
examine
s
(
2 · 52α−1(3n+ 2) + 52α−1
)
= s
(
6 · 52α−1n+ 52α
)
≡ 0 (mod 5α),
which is proved above.
We therefore complete the proof of Theorem 1.1.
4.2. More congruences. We begin with one of Ramanujan’s theta functions
ϕ(q) :=
∞∑
n=−∞
qn
2
.
It is known that
ϕ(−q) =
E(q)2
E(q2)
.
Ramanujan obtained the following 5-dissection formula of ϕ(−q) (cf. [2, p. 49,
Corollary (i)])
Lemma 4.2. It holds that
ϕ(−q) = ϕ(−q25)− 2qM1(−q
5) + 2q4M2(−q
5), (4.2)
where M1(−q) = (q
3, q7, q10; q10)∞ and M2(−q) = (q, q
9, q10; q10)∞.
We also have (cf. [2, p. 262, Entry 10(iv)])
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Lemma 4.3. It holds that
4qM1(−q)M2(−q) = ϕ(−q
5)2 − ϕ(−q)2. (4.3)
We next obesrve that d2α−1(j) ≥ α+ ⌊(5j − 5)/6⌋ ≥ α+ 1 for j ≥ 3. Hence∑
n≥0
g
(
52α−1n+
52α − 1
6
)
qn ≡
E(q10)3
E(q5)2
(
d2α−1(1)X + d2α−1(2)X
2
)
(mod 5α+1).
We further notice that
X =
E(q2)2E(q5)4
E(q)4E(q10)2
≡
(
E(q)2
E(q2)
)8
= ϕ(−q)8 (mod 5).
One may compute
d3(1) = −17425 ≡ 3 · 5
2 (mod 53),
d3(2) = 7202900 ≡ 5
2 (mod 53).
Hence∑
n≥0
g (125n+ 104) qn ≡ 25
E(q10)3
E(q5)2
(
3ϕ(−q)8 + ϕ(−q)16
)
≡ 25
E(q10)3
E(q5)2
(
3ϕ(−q)3ϕ(−q5) + ϕ(−q)ϕ(−q5)3
)
(mod 125).
We now apply Lemmas 4.2 and 4.3 to obtain∑
n≥0
g (625n+ 229) qn =
∑
n≥0
g (125(5n+ 1) + 104) qn
≡ 25
E(q2)3
E(q)2
(
3ϕ(−q)M1(−q)
(
4ϕ(−q5)2 + 4qM1(−q)M2(−q)
)
+ 3ϕ(−q)3M1(−q)
)
≡ 75M1(−q)
E(q2)3
E(q)2
(
4ϕ(−q)ϕ(−q5)2 + ϕ(−q)
(
ϕ(−q5)2 − ϕ(−q)2
)
+ ϕ(−q)3
)
≡ 0 (mod 125).
Similarly, we have∑
n≥0
g (625n+ 604) qn =
∑
n≥0
g (125(5n+ 4) + 104) qn
≡ 50M2(−q)
E(q2)3
E(q)2
(
4ϕ(−q)ϕ(−q5)2 + ϕ(−q)
(
ϕ(−q5)2 − ϕ(−q)2
)
+ ϕ(−q)3
)
≡ 0 (mod 125).
Consequently, we obtain an alternative proof of my modulo 125 congruences
s(1250n+ 125, 1125) ≡ 0 (mod 125),
since s(n) = 0 if n ≡ 0, 2 (mod 3) for n ≥ 1 and s(6n+ 1) = g(n) for n ≥ 0.
One may further compute
d5(1) = 50939723621557145369305000≡ 0 (mod 5
4),
d5(2) = −3187319615560137531159061425719921437000≡ 4 · 5
3 (mod 54).
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Hence ∑
n≥0
g (3125n+ 2604) qn ≡ 4 · 125
E(q10)3
E(q5)2
ϕ(−q)16
≡ 4 · 125
E(q10)3
E(q5)2
ϕ(−q)ϕ(−q5)3 (mod 625).
It follows from Lemma 4.2 that ϕ(−q) contains no terms in which the power of
q is 2 or 3 modulo 5. Hence
g(15625n+ 8854) = g(3125(5n+ 2) + 2604) ≡ 0 (mod 625),
g(15625n+ 11979) = g(3125(5n+ 3) + 2604) ≡ 0 (mod 625).
As a direct consequence, we have
Theorem 4.4. For n ≥ 0, we have
s(31250n+ 9375) ≡ 0 (mod 625), (4.4)
s(31250n+ 21875) ≡ 0 (mod 625). (4.5)
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Appendix A. The first five rows of (ai,j) and (bi,j)
In this appendix, the first five rows of (ai,j) and (bi,j) are provided.
(1). (ai,j):
(50 · 11, −51 · 12, 52 · 7, −53 · 2, 53 · 1, 0, 0, . . .),
(−50 · 24, 52 · 27, −52 · 268, 52 · 1492, −54 · 212, 54 · 507, −55 · 164, 56 · 34,
− 57 · 4, 57 · 1, 0, 0, . . .),
(50 · 21, −51 · 402, 51 · 9973, −53 · 4926, 53 · 37953, −54 · 40482, 56 · 6318,
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− 56 · 18564, 56 · 41548, −58 · 2826, 58 · 3588, −59 · 656, 510 · 81,
− 511 · 6, 511 · 1, 0, 0, . . .),
(−50 · 8, 50 · 2984, −52 · 6568, 52 · 155979, −53 · 433696, 54 · 812908,
− 55 · 1110256, 55 · 5790676, −57 · 950272, 57 · 3122868, −58 · 1660784,
511 · 28687, −510 · 250848, 510 · 352244, −512 · 15632, 512 · 13354,
− 513 · 1688, 514 · 148, −515 · 8, 515 · 1, 0, 0, . . .),
(50 · 1, −52 · 106, 52 · 12651, −53 · 108424, 54 · 502703, −55 · 1507426,
55 · 16113147, −57 · 5213554, 57 · 33184623, −59 · 6827206, 510 · 5779831,
− 511 · 4077512, 510 · 60408822, −512 · 6040498, 512 · 12754148, −513 · 4540118,
515 · 271053, −515 · 336256, 515 · 342131, −517 · 11204, 517 · 7181, −518 · 692,
519 · 47, −520 · 2, 519 · 1, 0, 0, . . .).
(2). (bi,j):
(−51 · 4, 51 · 61, −52 · 59, 53 · 31, −54 · 9, 55 · 1, 0, 0, . . .),
(50 · 24, −51 · 292, 52 · 952, −53 · 1531, 54 · 1517, −56 · 202, 55 · 2331, −56 · 744,
57 · 156, −58 · 19, 59 · 1, 0, 0, . . .),
(−50 · 9, 51 · 541, −52 · 4383, 54 · 3064, −54 · 31268, 55 · 42767, −55 · 210711,
56 · 155754, −57 · 88226, 58 · 38579, −59 · 12961, 59 · 16426, −510 · 3029,
511 · 381, −512 · 29, 513 · 1, 0, 0, . . .),
(50 · 1, −51 · 537, 52 · 10199, −53 · 68823, 54 · 250893, −55 · 590573, 55 · 4938949,
− 56 · 6215846, 57 · 6103534, −58 · 4786201, 58 · 15204111, −510 · 1577357,
510 · 3347006, −511 · 1158111, 512 · 323711, −513 · 71907, 513 · 61846,
− 514 · 7914, 515 · 706, −516 · 39, 517 · 1, 0, 0, . . .),
(0, 51 · 328, −52 · 14692, 53 · 182424, −55 · 222312, 55 · 4163392, −56 · 10783296,
57 · 20724763, −58 · 30940669, 57 · 925372586, −59 · 181304786, 511 · 29532188,
− 511 · 101019396, 511 · 292172327, −512 · 143376799, 512 · 298569727,
− 513 · 105276189, 514 · 31253433, −515 · 7741211, 516 · 1578438, −517 · 259898,
517 · 168091, −518 · 16399, 519 · 1131, −520 · 49, 521 · 1, 0, 0, . . .).
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